The equivalence principle in combination with the special relativistic equivalence between mass and energy, E = mc 2 , is one of the cornerstones of general relativity. However, for composite systems a long-standing result in general relativity asserts that the gravitational mass is not simply equal to the total energy. This seeming anomaly is supported by all explicit, general relativistic derivations of the dynamics of bound systems, and is only avoided after time-averaging. Here we rectify this misconception and derive from first principles the correct gravitational mass of a generic bound system in curved space-time. Our results clarify a lasting conundrum in general relativity and show how the weak and strong equivalence principles naturally manifest themselves for composite systems. The results are crucial for describing new effects due to the quantization of the interaction between gravity and composite systems.
Introduction.-The equivalence principle postulates the exact equality between inertial and gravitational mass of any object, regardless of composition. This fundamental equality paved the way to a metric theory of gravity and is a vital pillar of general relativity [1, 2] . It implies the universality of the gravitational interaction: all systems and forms of energy are affected equally by gravity in a sufficiently small region of space. Many different experiments have confirmed this principle [3] [4] [5] [6] [7] [8] [9] , with the most stringent bound on its violations currently being 2 × 10 −13 [4] . Recently, it was shown that the quantized gravitational interaction with composite systems yields novel effects and experiments [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] , which rely on the coupling of gravity to the total energy of composite systems, as dictated by the equivalence principle.
Yet, fully general relativistic calculations for composite systems reveal an intricate dynamics which seems to be at odds with the equivalence principle and the massenergy equivalence. It was first noted by Eddington and Clark [24] that the gravitational mass of a composite system is not given by its total energy. In particular, to first order in c −2 , the gravitational mass of an interacting N -particle system is derived to be M (G) = , where k is the coupling between the particles, q i their charges for the specific interaction, m i their rest masses, v i their velocities, and r ij their relative distances. Gravity therefore seemingly does not simply couple to the rest, kinetic and potential energies, R, T and U , respectively, but to M (G) = (R + 3T + 2U )/c 2 . Indeed, all explicit calculations confirm this result, both for classical [24] [25] [26] [27] [28] [29] and for quantized systems [30, 31] . This appears to be a violation of the universality of the gravitational coupling: the dynamics of composite systems does not take a single-particle form, i.e. the internal energies do not simply add to the gravitational mass in equal proportions.
This seeming anomaly can be resolved via the virial theorem [24] [25] [26] [27] [28] [29] , which implies that 2T + U = 0, with · being the time-average. But the virial theorem does not imply fundamental validity of the mass-energy equivalence and suggests that a violation could occur beyond the time-averaged dynamics. Even worse, such a coupling would generically show up on the quantum level -beyond the ensemble average. The 'virial terms' in the gravitational mass have lingered in the literature for decades and have led to the belief that the mass-energy equivalence may not exactly hold [24, 30] , as well as to specific experimental proposals to search for the violations [31] .
In this work we derive the gravitational coupling for an arbitrary composite system from first principles. We show, contrary to previous results, that gravity only couples to the total internal energy of the bound system, as expected from the foundations of the theory. We derive the passive gravitational mass for a generic composite system in curved space-time and show that this dynamics takes a single-particle form, provided that tidal forces are negligible -the usual assumption under which the principle is required to hold. Crucial for isolating the correct gravitational coupling is to identify the physically correct internal energy, which removes the anomalous 'virial terms'. We demonstrate our general framework in explicit examples that show how the correct gravitational mass emerges for electromagnetically and gravitationally bound systems.
Gravitational coupling to bound system.-In our analysis the metric tensor g µν , µ, ν = 0, ..., 3 has signature (− + ++) and describes a static symmetric space-time, with g 0i = g i0 = 0 and g ij = g ji for i, j = 1, 2, 3. For a single particle with mass m, on a world line x = x µ (s), where s is an arbitrary parameter, the Lagrangian is [ consider a closed system of N interacting particles that can be described by a Lagrangian L N . For example, for electromagnetic interactions the Lagrangian reads [32] :
where m n , e n and x µ n (s) for n = 1, .., N describe the mass, charge and world line of the n th particle, respectively, and A µ (x n ) is the electromagnetic four-potential at x n , produced by all particles. This Lagrangian describes interacting particles without emission of radiation, i.e. to order c −2 such that the field degrees of freedom (DOF) and retardation effects can be neglected [33] . We can choose x 0 n ≡ s for all n and identify s ≡ ct, so that t is the coordinate time [34] ; we will denote the derivative with respect to t asȧ := 
Eq. (2) is exactly the same as eq. (1), but uses two sets of coordinates: the original ones for describing the arbitrary world line Q µ through cτ = −g µν (Q)Q µQν 1/2 , and the primed ones for describing the system relative to Q µ . The Lagrangian has now the product form L N = L ·τ , in direct analogy to the relativistic single particle Lagrangian L 1 = −mc 2τ . We now seek to identify Q µ with the world line of the composite system -its centre of mass (CM) -and the primed coordinates with the centre of momentum frame, in which the CM is at rest. However, the canonical momentum conjugate to x n is ∂L N ∂ẋ i n and generally there is no unique way of defining the total linear momentum since the individual particle momenta belong to different tangent spaces [35] . A total momentum can nevertheless be consistently defined when the metric is approximately constant in the region occupied by all N constituents
The first condition means that the space-time in the region occupied by the system is approximately flat and a single coordinate system can be introduced in which the metric is locally the Minkowski metric η µν . For wellbehaved metrics (e.g. if the metric components are Lipschitz functions) this condition is satisfied if the individual world lines are sufficiently close, the second condition in eq. (3). Eqs. (3) imply that tidal effects between the particles can be neglected, which allows the construction
. A bound N-particle system on a world-line Q µ (t). The primed coordinates describe the frame in which the CM is at rest, under the conditions (3). This frame defines the physical internal properties of the system and the correct gravitational mass.
of a generally covariant notion of the CM for a generic extended system, as explicitly shown in [35] .
With the individual linear momenta denoted by P ni (x n ), under the assumption (3) the total momentum is P i = n P ni (x n ). The centre of momentum (primed) frame is defined by
Material for a quantitative analysis of this approximation). We can now choose Q µ (t) to be specifically the world line of the CM of the N-particle system, and the primed coordinates to be the centre of momentum frame. Eq. (2) can now be expressed in terms of the rest frame Lagrangian of the N-particle system, i.e. the Lagrangian of the internal DOF in the CM rest frame. This can be an arbitrary Lagrangian L rest , for the specific example (1) it reads:
with g µν = η µν . The total Lagrangian in the presence of gravity is thus simply
where τ is the proper time along the CM world line. Lagrangian (5) has a single-particle form, with −mc 2 generalised to L rest , which suggests that the total mass of the system is defined dynamically and is given by the total internal energy. This is explicitly seen in the Hamiltonian picture. The Legendre transform of eq. (5) yields
where P i is the canonical momentum associated with the CM coordinate Q i , while p n are the internal momenta, canonically conjugate to the internal DOFs in the system's rest frame:
The rest frame Hamiltonian is by definition
After some algebra (see Supplemental Material), the total Hamiltonian can be written as
The above result entails that a many-particle system following a narrow world-tube (satisfying eq. (3)) is effectively described as a composite particle whose total mass is H rest /c 2 , where H rest is the rest frame energy of the system. This is in explicit agreement with the equivalence principle and in particular confirms that the (passive) gravitational mass of a composite system is equal to its total internal energy in appropriate units.
For L rest in eq. (4),
We now apply our result to several scenarios previously discussed in the literature. We show that the choice of the correct (rest frame) coordinates for the internal DOFs fully resolves any apparent tension between the equivalence principle and the general relativistic description of composite systems.
Example i: Hydrogen-like system.-A special case of eq. (1) was considered in refs. [25-28, 30, 31] . The composite system here comprises two charges interacting via the Coulomb potential on a post-Newtonian metric
where φ(x) is the external gravitational potential. On a flat metric, the non-relativistic Lagrangian for this sys-
) and the Coulomb's constant k. It applies to slowly moving particles as it ignores specialrelativistic kinetic terms and magnetic interactions between charges in relative motion. Therefore, one can define the usual CM and relative coordinates, respectively: R := m i x i /M , r := x 1 − x 2 and v :=˙ r, with M := i m i and µ := m 1 m 2 /M . The Lagrangian of the system in the CM rest frame is
Eqs. (5)- (7) yield
c 2 . Thus the Hamiltonian for the system subject to gravity on the space-time metric (9) is
The gravitational mass of the system, i.e. the quantity coupling to φ, is the total energy in the CM rest frame M c 2 + T rest + U rest , with T rest = This result seems to be at odds with previous studies [25-28, 30, 31] , where the coupling (without timeaveraging) takes a different form. However, we now show that the dynamics is exactly the same and that the anomalous couplings found previously are coordinate artifacts. To clarify this, we repeat the derivation using the Lagrangian expressed only in terms of the external coordinates that define the metric (9), as in previous works:
Eq. (12) in terms of the CM and relative coordinates is
where we assumed for clarity that the CM is stationary,˙ R ≈ 0, and used eqs (3) to set φ(x i ) ≈ φ(R) ≡ φ. The apparent challenge to the equivalence principle arises from Lagrangian (13) and the corresponding Hamiltonian. The canonical momentum is p = µ v 1 − 3 φ c 2 and the Legendre transform of eq. (13) yields
which features the anomalous coupling of the gravitational potential to 3T + 2U with T = p 2 2µ and U = k e1e2 r . However, both T and U are here expressed in the original coordinates which can be interpreted as local coordinates of a distant observer. T and U thus include the redshift factors that depend on the choice of this distant observer and do not describe the local, physical quantities in the rest frame of the system. Therefore they cannot be interpreted as the internal kinetic and potential energies of the bound system.
We now show how to amend eq. (14) and find the physically correct internal energies. The local distance d x and the coordinate distance d x on the metric (9) and we find
Denoting by r the distance between the two charges in the CM rest frame yields r = 1 − φ c 2 r, and thus the rest frame potential energy
Using eqs (16) and (15), Hamiltonian (14) reads
in agreement with our derivation, eq. (11). The correct expression for the gravitational mass is now apparent because the CM rest frame coordinates are used to describe the internal DOFs, while external coordinates are used to capture the coupling of the CM to gravity.
Example ii: Gravitationally bound systems and the strong equivalence principle.-We now consider a system bound only through gravity, in the presence of a background metric produced by a much larger mass. According to the strong equivalence principle, such a system should couple to gravity in the same way as any other composite system. In the Newtonian approximation, the Lagrangian (10) describes a gravitationally bound system with the replacement −ke 1 e 2 → Gm 1 m 2 for the interaction. This yields the Hamiltonian
where M = m 1 + m 2 , µ = m 1 m 2 /M , as before. Thus a bound system has an effective gravitational mass that includes the gravitational binding energy, an explicit confirmation of the strong equivalence principle. Note that this differs from the result obtained by Eddington and Clark [24] , which has the additional anomalous 'virial terms', an artefact of using redshifted coordinates to describe the internal energy as discussed above. Going beyond the Newtonian limit, in the weak-field approximation and for slowly moving particles one can extend the analysis to a bound system fully described by general relativity. Such a system was first considered by Einstein, Infeld and Hoffmann [36] and by Eddington and Clark [24] . A Lagrangian can be defined if emission of radiation is neglected, i.e. to orders below c −5/2 . The previous studies considered the N -particle system on a flat background space-time, i.e. each particle i producing a field g
µν . Here we are interested in the coupling of the entire system to the metric produced by a large external mass, thus the particle interactions are to be described on top of this external metric g µν = η µν . However, the approximations (3) ensure that we can choose a primed coordinate system in which the background metric becomes flat, g µν = η µν , over the extension of the entire N-particle system. We can thus apply previous results in the CM rest frame [37] , and include the coupling to the external field through a coordinate transformation. The 2-particle Hamiltonian for a gravitationally bound system to order c −2 , and in the presence of a background metric becomes
Hamiltonian (19) reduces to (18) in the Newtonian limit for the gravitational binding energy and to lowest order in the coupling to the external gravitational potential, dτ /dt ≈ (1 + φ/c 2 ). Example iii: Box of photons.-Another system, studied in ref. [29] , is a slowly moving 'box of photons', where the internal energy is the kinetic energy of the box, T , and the energy of light, U light . Variation of the matter action on the metric (9) yields the total energy [29] 
which again features the anomalous coupling terms. Due to eq. (15), to find the physical coupling to gravity we only need to show that in the local rest frame of the box eq. (16) holds for U light . In generic coordinates
where T 00 is the relevant component of the energy-momentum tensor of the electromagnetic field and g = Detg µν . In the rest frame of the box U 
which explicitly satisfies the equivalence principle. Indeed, it was pointed out in ref. [29] that the additional terms in eq. (20) are gauge artifacts. Here we have explicitly shown that correctly defining internal energies yields the true and unique gravitational mass and exposes the validity of the equivalence principle.
Conclusions.-This letter shows how the gravitational mass emerges and how the equivalence principle manifests itself for composite systems in general relativity. The physical picture is akin to the case for an elementary particle, for which by definition the mass is the total rest-frame energy. The same holds for a composite system: the mass is the total energy in its CM rest frame. To describe a composite system subject to gravity and isolate the physically relevant gravitational coupling, two different sets of coordinates are therefore invoked concurrently: arbitrary, external coordinates to describe the CM, and the CM rest-frame coordinates to describe the internal DOFs. This settles a long-standing issue with the gravitational mass of composite systems, which has been thought to include additional terms that only vanish on average and that violate the equivalence principle.
Isolating the correct gravitational coupling for composite systems is crucial for quantum experiments which are starting to probe the interplay between quantum theory and general relativity. While all current classical tests are insensitive to the previously predicted anomalous couplings, the quantization of both internal and external DOFs reveals additional phenomena which depend on the correct form of the interaction [10, 15] . Results of this work are thus central for upcoming probes of new effects, which include the time dilation induced entanglement between internal and spatial degrees of freedom [10] [11] [12] [13] [14] , decoherence universally affecting composite quantum systems subject to time dilation [15] [16] [17] [18] , friction of relativistic decaying atoms [38, 39] and quantum tests of the equivalence principle for composite systems [19, [21] [22] [23] .
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